Inverse algorithm and M2-brane theories by Dwivedi, Siddharth & Ramadevi, P.
Prepared for submission to JHEP
Inverse algorithm and M2-brane theories
Siddharth Dwivedia and P. Ramadevia,b
aDepartment of Physics,Indian Institute of Technology Bombay,
Mumbai 400 076, India
bCenter for Quantum Spacetime,
Sogang University, Seoul, S.Korea
E-mail: siddharth@phy.iitb.ac.in, ramadevi@phy.iitb.ac.in
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M2 branes on a singular toric Calabi-Yau 4-folds which are complex cone over toric Fano
3-folds. There are 18 toric Fano manifolds but only 14 toric Fano were obtained from
the forward algorithm. We attempt to systematize the inverse algorithm which helps in
obtaining quiver gauge theories on M2-branes from the toric data of the Calabi-Yau 4-folds.
In particular, we obtain quiver gauge theories on coincident M2-branes corresponding to
the remaining 4 toric Fano 3-folds. We observe that these quiver gauge theories cannot be
given a dimer tiling presentation.
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1 Introduction
Starting with the works of Bagger-Lambert [1], Gustavsson [2], Raamsdonk [3] and Aharony-
Bergman-Jafferis-Maldacena (ABJM) [4], we see interesting developments in the last three
years between supersymmetric Chern-Simons gauge theory on coincident M2 branes at the
tip of Calabi-Yau 4-folds and their string duals. For a nice review, see ref. [5].
For a class of the supersymmetric Chern-Simons theories which can be represented by
a quiver diagram, AdS4/CFT3 correspondence has been studied [6]. The Calabi-Yau 4-
fold toric data can be obtained for the quiver Chern-Simons theories by a procedure called
forward algorithm. This approach was initially studied to obtain toric data of Calabi-Yau 3-
folds from 3+1-dimensional quiver supersymmetric theories [7]. Further, if the quiver data
can admit dimer tilings [8, 9], then the toric data can be obtained from the determinant
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of Kastelyne matrix. Generalising the forward algorithm/dimer tiling procedure to 2+1-
dimensional quiver Chern-Simons theories resulted in obtaining toric data of many Calabi-
Yau 4-folds [10–17].
In the recent paper [17], toric data, genus, second Betti number of 18 toric Fano
3-folds have been tabulated. We believe that there must be at least one quiver Chern-
Simons theory corresponding to every toric Calabi-Yau 4-fold which are complex cones
over these Fano 3-folds. Using the forward algorithm and tilings [17], the toric data of 14
Fano 3-folds were obtained from the corresponding quiver Chern-Simons theories. Finding
a quiver Chern-Simons corresponding to the remaining four toric Fanos P3,B1,B2,B3 is a
challenging problem which we try to attempt by systematizing the inverse algorithm.
Reversing the procedure of the forward algorithm, called inverse algorithm, should
result in obtaining quiver gauge theories from the toric data. As already pointed out in
the context of Calabi-Yau 3-folds [7], the inverse algorithm has ambiguities which we will
detail in section 2. Considering the toric Calabi-Yau 3-folds as embeddings inside the non-
cyclic orbifolds C3/(Zn × Zm) and performing partial resolutions, the matter content and
the superpotential W of the 3+1 quiver theories were obtained [7]. However, the adjoint
matter fields could not be explained by this method. The adjoint fields appear naturally in
the algebraic approach [18] which involves matching matrix corresponding to dimer tiling.
Exhaustive works [10]-[17] show that all the studied quiver Chern-Simons theories
corresponding to the Calabi-Yau 4-folds admit dimer tiling. Further, using higgsing [16]
of matter fields on a known G-node quiver which admits tiling, (G − 1) node quiver and
their corresponding toric data were obtained. In fact, the approach [18] can be extended
to 2 + 1-dimensional quiver gauge theories giving the results in ref. [16]. All the quiver
theories before or after higgsing can be represented as tiling. Unfortunately P3,B1,B2,B3
toric data have not been obtained from the higgsing approach. So, we believe that these
four Fano 3-folds may not give quivers admiting tiling description. It is also not clear
whether we can perform partial resolution of an abelian orbifold of C4 [7] and obtain toric
data of these Fano 3-folds.
One of the crucial step in the inverse algorithm is to fix the F-term and D-term charge
assignments corresponding to the toric data. In this work, we try to understand the pattern
of the F-term and the D-term charges for the 14 Fano 3-folds whose quivers are known.
With this pattern identification, we propose (see ansatz in section 4.1) a form for these
charges. Then, the rest of the sequence of the inverse algorithm can be performed to give
the quiver data.
The plan of the paper is as follows: In section 2, we briefly review the forward and
the inverse algorithm. In section 3, we first review the inverse algorithm of C4/Z2 which
closely resembles Fano P3 and then derive the quiver and the mesonic moduli space Hilbert
series for Fano P3. In section 4, we first review inverse algorithm for Fano B4 whose quiver
is known from forward algorithm. This helps in understanding the charge assignments for
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the other three Fanos B1,B2,B3. We then present the details of quiver and Hilbert series
for these three Fanos in later subsections. Finally, we summarize in section 5.
2 Toric data G → quiver Chern-Simons
We will briefly discuss the inverse algorithm which is used to obtain quiver gauge theories
from the toric data G4×c describing the Calabi-Yau (CY) 4-folds. Here c denotes the
number of points (including multiplity of points) in the toric diagram. Unlike the forward
algorthim, which starts from the quiver data and superpotential W giving a unique toric
data, the inverse algorithm is non-unique. That is, there can be many quiver gauge theories
possible from the inverse algorithm. Besides this non-uniqueness, there are many subtle
ambiguities in choosing the toric data. They are:
1. Two toric data G and G′ are equivalent if they are related by any GL(4,Z) transfor-
mation T , that is, G = T .G′. This leads to a huge pool of possible nullspace of G -
namely, the charge matrix Q(c−4)×c satisfying Q.Gt = 0 can be many.
2. The multiplicity of the toric points gives the toric data with repeated columns but
they represent the same Calabi-Yau 4-folds. Usually, it is not clear which points
with what multiplicity in the toric diagram to be taken. We could start with no
multiplicity of all the toric points and if we end with exotic or insensible quivers, we
could try putting multiplicity of some toric points. This is definitely very tedious.
We try to resolve some of these ambiquities by understanding the pattern of the matrix
Q(c−4)×c of the 14 toric Fano 3-folds derived from the forward algorithm [17]. We can
obtain the steps of the inverse algorithm by reversing the sequence of steps in the forward
algorthm.
2.1 Forward Algorithm
We will now recapitulate the essential aspects of the forward algorithm where one starts
with a N = 2 Chern-Simons (CS) quiver gauge theory and superpotential W . For toric
quivers, there are NT terms in W with each matter field appearing only in two terms with
opposite signs.
1. From the quiver data represented as a quiver diagram, we know the number of
gauge groups G (number of nodes), CS levels ka for each node and m number of
bi-fundamental matter fields and adjoints fields Xi’s. From this diagram, we can
write the quiver charge matrix elements dai where the index a = 1, 2, . . . G and
i = 1, 2, . . .m. In the CS quivers, besides
∑
a dai = 0, we also require that the CS
levels ka’s have GCD({ka}) = 1 and
∑G
a=1 ka = 0 (Calabi-Yau requirement). Using
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the above conditions and the equation (moment map) of U(1)G abelian CS quiver
gauge theories,
µa(X) =
∑
i
dai|Xi|2 = kaσ , (2.1)
where σ is the scalar component of the vector superfield Va, we can obtain only
(G−2) D-term equations giving a projected charge matrix ∆(G−2)×m from the matrix
elements dai. That is, the matrix elements of projected charge matrix satisfies∑
i
∆bi|Xi|2 = 0 , (2.2)
where b = 1, 2, . . . (G − 2). For example, take a G = 3 node quiver with the the CS
levels k1, k2,−(k1 + k2) where GCD(k1, k2) = 1. Further the eqns.(2.1, 2.2) suggests
that the projected charge is a single row matrix whose elements are given by
∆i = k2d1i − k1d2i . (2.3)
2. From the F-term constraint equation ∂W/∂Xi = 0, we can obtain relations between
matter fields. Introducing (G + 2) fields vr’s, we can incorporate the F -term con-
straints in the matrix Kir which relates the matter fields to vi in the following way:
Xi =
∏
r
vKirr (2.4)
The dual of the K-matrix satisfying K.T ≥ 0 (all entries of the matrix K.T are
non-negative) will give a matrix T(G+2)×c where c gives the number of GLSM sigma
model fields pα’s.
3. From the K and T , we can write a matrix P = K.T . The entries of all these matrices
K, T , P are integers. For quiver theories which can admit tiling, one can read off
P -matrix from W . The P -matrix relates the matter fields to GLSM pα fields as
Xi =
∏
α
pPiαα . (2.5)
The kernel of the T as well as P (T.QtF = P.Q
t
F = 0) will give the QF (c−G−2)×c
charge matrix.
4. From the relation (2.5), we can obtain the baryonic charge matrixQD(G−2)×c elements
from the projected charge (2.2) matrix elements as follows:
∆bi =
∑
α
Piα(QD)bα . (2.6)
5. The total Q
Q(c−4)×c =
(
QF (c−G−2)×c
QD(G−2)×c
)
, (2.7)
whose kernel Q.Gt = 0 gives the toric data G4×c.
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2.2 Inverse Algorithm
Now, we can reverse the sequence and try to obtain the quiver CS theory on M2 branes
at the tip of singular CY 4-folds described by G. There are additional data of toric Fano
which are useful to handle some of the ambiguities we had enumerated.
1. For the toric Fano 3-folds, G can be written in a form where the symmetry of the
corresponding CY 4-fold SU(4)i1 × SU(3)i2 × SU(2)i3 ×U(1)i4 is seen as the simple
roots along the rows of G. As the rank of CY is 4, we require 3i1 + 2i2 + i3 + i4 = 4.
2. The second betti number b2 of the toric Fano 3-fold is related to the number of
external points (E) in the toric diagram as: b2 = E − 3. Further the number of
baryonic symmetries for the Fano is: b2 − 1 = E − 4. This fixes that the number of
rows in the QD matrix must be
b2 − 1 = G− 2 . (2.8)
3. With the GL(4,Z) freedom, it is not obvious as to what G′ we have to choose and
find the nullspace Q satisfying Q.G′t = 0. However, from the eqn.(2.8), we know how
many rows must represent QD matrix. Equivalently, we must find a CS quiver with
G = b2 + 1.
4. We try to understand the pattern of Q for a toric Fano with same b2 obtained from
forward algorithm and implement the same for the missing Fano 3-folds. Besides b2,
the symmetry of the Fano also suggests how to incorporate the charge assignments in
the Q matrix. Further, the multiplicity of points in the toric diagram is also suggested
by this pattern identification. Following this methodology, we could guess a form for
QF . Using QF , we determine T and hence K.
5. The number of rows of the matrix K gives the number of matter fields. From K, we
find a relation between matter fields which are supposed to be F -term constraints.
For the G = (b2 + 1) node quiver with the F-term constraints on the matter fields,
we try to reconstruct all possible toric quiver superpotential W . Then we can draw
the quiver diagram where the terms in W must denote closed cycles in the quiver
diagram.
6. Using the pattern for QD from the forward algorithm for the known Fano, we can
infer QD charge assignment pattern for other Fano 3-folds. Further, the QD must
satisfy projected quiver charge (2.6). This is the non-trivial part but for small G, it
is not difficult to find the choice of the CS levels which will give (2.3) satisfying eqn.
(2.6).
In the following two sections, we will first work out the inverse algorithm for two Calabi-
Yau 4-folds whose quivers are known from the tiling/forward algorithm. This will help to
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undersand the pattern in choosing the charge matrix QF and QD for the unknown Fanos
P3,B1,B2,B3. Using this pattern, we then perform the inverse algorithm for the missing
Fano 3-folds and obtain the corresponding toric quiver CS theories. We also compute the
Hilbert series and the R-charge assignments.
3 M2-brane theories from CY 4-folds with b2 = 1
From the dimer tilings, we know that the number of gauge-groups is G = 2 for the quiver
gauge theory corresponding to orbifolds of C4 (C4/Zk) which from eqn. (2.8) implies b2 = 1.
The toric Fano 3-fold P3 also has b2 = 1. Both C4/Zk and P3 have same number of external
points in the toric diagram and hence zero baryonic symmetry: b2 − 1 = 0. That is, QD
is zero. So, we expect to obtain a G = 2 node quiver for the toric Fano P3 using inverse
algorithm. For these Calabi-Yau 4-folds whose QD = 0, we can directly take the matrix
T = G because QF .T t = QF .Gt = 0. Adding multiplicity of points in the toric diagram will
result in repetition of some columns of the T -matrix which will not alter the K-matrix.
So, adding multiplicity of points in the toric diagram will not change the quiver data for
b2 = 1 CY 4-folds. We will first implement inverse algorithm for the orbifold C4/Z2 as a
warm-up exercise and then obtain 2-node quiver for P3 Fano 3-fold.
3.1 C4/Z2
Let us the take the toric data G for C4/Z2 obtained from the tiling approach (see eqn.(3.2)
in ref.[15]):
G =

1 1 1 1
−1 0 −1 0
0 −1 −1 0
0 0 2 0
 (3.1)
As QD = 0, we can take T = G. The matrix K from T will be
0 0 0 1
0 0 −2 −1
0 −2 0 −1
2 2 2 1
 (3.2)
The row index of the 4×4 square matrix K indicates that the number of matter fields in the
quiver theory is 4 confirming the known data for C4 orbifolds. Also, being a square matrix,
it is not possible to find F -term constraint equations. From the matter field content, one
can try to construct all possible connected quiver diagrams and the loops in the quiver
diagram will give gauge invariant terms in superpotential W . The information about the
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Chern-Simons level ka is inferred from the matrix P = K.T which for this case is given as:
P =

0 0 2 0
0 2 0 0
2 0 0 0
0 0 0 2
 (3.3)
For C4, the P matrix from inverse algorithm will turn out to have entries zero or 1. So,
the entries for C4/Z2 which are 2 or 0 indicates that one of the nodes of the 2-node quiver
diagram must have level k1 = 2 and the other node by Calabi-Yau requirement has level
k2 = −k1 = −2. Inferring the CS levels from P -matrix is only applicable for CY 4-folds
whose QD = 0. The QF satisfying P.Q
t
F = 0 is also trivial.
Hence from the inverse algorithm for C4/Z2, there can be three possible 2-node quivers
with four matter fields and levels k1 = −k2 = 2. They are:
1. ABJM theory with 4 bi-fundamental matter fields Xi12 and X
i
21 where i = 1, 2 and
W = Tr[ijX
1
12X
i
21X
2
12X
j
21] whose abelian W = 0.
2. 2-node quiver with two adjoints φ12, φ
2
2 at the same node (say node 2) and two bi-
fundamentals X12, X21. Here W = Tr[X12[φ
1
2, φ
2
2]X21] whose abelian W is again
zero.
3. 2-node quiver with two bifundamentals X12,X21 and adjoints φ1 and φ2 at two dif-
ferent nodes with trivial W = 0.
It is important to realise that it is not possible to do forward algorithm for quivers whose
abelian superpotential W is zero. Particularly, we cannot obtain the matrix K for these
superpotentials. Fortunately, the first two quivers admit dimer tiling presentation [10]. So,
we can obtain toric data G directly from the determinant of the Kastelyne matrix. We
would also like to point out that the P matrix obtained from W is same for C4 and C4/Z2
indicating that the P matrix does not give information about the Chern-Simon levels.
From inverse algorithm, we actually find the P -matrix entries change with change in CS
levels.
Comparing the tiling approach and the inverse algorithm, we infer that third quiver is
not allowed for C4/Z2. We will see a similar situation arising in the following section on
Fano P3.
3.2 Fano P3 theory
The symmetry group of the Calabi-Yau 4-folds constructed as complex cone over Fano P3
is SU(4) × U(1). Further b2 = 1 implies G = 2-node quiver and QD = 0. Therefore, the
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matrix T = G where the toric data G4×c respecting the symmetry is:
1 1 1 1 1
1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
 (3.4)
Here the number of points in the toric diagram c = 5 and hence (QF )(c−4)×c will be a
single row with five entries. The first four columns in G are the external points and the
last column denotes the internal point in the toric diagram.
For the given symmetry SU(4) × U(1), we can always choose the fermionic charge
assignment QF = (aaaab) where a, b are integers. Further QF .Gt = 0 implies 4a + b = 0.
Conversely, the charge QF with four entries same reflects that the Calabi-Yau 4-fold has
SU(4) symmetry. The possible choice of a, b in QF is
QF = (1, 1, 1, 1,−4) . (3.5)
The matrix K such that (K.T ) ≥ 0 turns out be again a 4× 4 matrix.
1 −1 −2 −3
1 −1 −2 1
1 −1 2 1
1 3 2 1

So, for the toric data for P3, the K-matrix implies that the number of matter fields must
be again 4 which is consistent with eqn. (2.8).
As the toric data G for P3 is not related to toric data of the orbifold C4/Zk by GL(4,Z),
we would expect that the corresponding K-matrices are not related by the GL(4,Z) and
it is indeed true. Therefore, the quiver for P3 toric data has to be different from the quiver
for C4/Zk toric data.
The matching matrix P = K.T is given by:
P =

0 0 0 4 1
0 0 4 0 1
0 4 0 0 1
4 0 0 0 1
 (3.6)
We see that the non-zero entries in the first four columns corresponding to the external
points of P3 toric diagram is 4. Following our results on C4/Z2, it appears that the levels
of the quiver CS theory with four matter fields will be k1 = −k2 = 4.
The quiver corresponding to P3 must be a 2-node quiver with 4 matter fields with levels
k1 = −k2 = 4, which can again have three possibilities. Two of the quivers corresponds to
C4/Z4 from the tiling approach [10]. By the elimination process, we claim that the quiver
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Figure 1. Quiver Diagram for Fano P 3
drawn in figure 1 represents the quiver gauge theory on the coincident M2 branes at the
tip of the singular Calabi-Yau, which is complex cone over Fano P3 with superpotential
W = 0. All the studied quivers with NT terms in W , G nodes and E edges satisfied
NT −E+G = 0 and hence could be drawn as tiling on a two-torus [10, 12–16]. This quiver
satisfies NT −E +G = −2. It will be interesting to see whether this quiver could admit a
3d tiling which will help to obtain the Kastelyne matrix and the toric data [19, 20]. We also
believe that this quiver must be obtainable by the Higgsing of some quiver gauge theory,
which does not admit tiling presentation, with three gauge group nodes.
Taking the QF (3.5) for the toric data G, we will work out the Hilbert series of the
mesonic moduli space. As this Fano has only one U(1) charge, which can be taken as
R-charge, the Hilbert series must have the following expected form:
gmes(t;X) =
1 + (g − 2)t+ (g − 2)t2 + t3
(1− t)4 . (3.7)
where X denotes Fano 3-fold of genus g. Following Ref. [17], we will take the R-charge
fugacity of the four external points as s1 and for the internal point as 1. Then the Hilbert
series (3.7) for this case will come out to be:
gmes(s1,P3) =
∮
|z|=1
dz
2piiz
1
(1− s1z)4(1− z−4)
=
(1 + 31z4 + 31z8 + z12)
(z4 − 1)4 |z=1/s1 (3.8)
Excluding the poles on the boundary of the contour, we indeed get the expected form (3.7)
with the correct genus g = 33 confirming that the charge assignment and the toric data we
considered (with no multiplicity) is correct.
We will now try to understand the inverse algorithm for other Fano 3-folds whose
b2 = 2 in the following section.
4 M2-brane theories from CY 4-folds with b2 = 2
There are four toric Fano 3-folds Bi whose second Betti number b2 = 2. They have
E = 5 external points and one internal point in the toric diagram. From the tiling/forward
algorithm, Fano B4 toric data and hilbert series were derived from a G = 3 node quiver
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gauge theory. As (b2 − 1) = (E − 4) = (G − 2) = 1 for all these Fano Bi’s, we expect to
obtain G = 3 node quivers from the inverse algorithm. Further, the number of baryonic
symmetries is (b2 − 1) = 1 for these Fano 3-folds. So, QD matrix will be a single row
matrix.
In order to understand the pattern of QF and QD matrix, we will first do the inverse
algorithm for the Fano B4 and obtain the same 3-node quiver known from the tiling/forward
algorithm. Then, we will repeat the similar Q-charge pattern for the other three Fano 3-
folds and obtain their corresponding 3-node quiver gauge theories.
4.1 Fano B4 theory
The CY 4-fold obtained from the complex cone over B4 has SU(3)×SU(2)×U(1) symmetry.
The toric data G which reflects this symmetry is
G =

1 1 1 1 1 1
1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 0 1 −1 0
 . (4.1)
For the Fano with the given symmetry, the Q matrix must have first three columns are
identical, fourth and fifth column to be identical. Observing the Q-charge pattern for the
14-toric Fano from the tiling/forward algorithm, we propose the following:
Ansatz: QF matrix columns must possess non-abelian symmetry whose rank is one higher
than that of the QD matrix. Further, the ranks of the non-abelian subgroups in QF must
be atmost the maximal rank of the subgroups representing the symmetry of the toric CY
4-folds.
This proposal helps in fixing the multiplicity of the points in the toric diagram as well. For
B4, QF matrix must have SU(3)×SU(3) symmetry. That is, the integer entries of the QF
matrix must be:
QF (c−G−2)×c =

a1 a1 a1 b1 b1 b1 c1 d1 . . .
a2 a2 a2 b2 b2 b2 c2 d2 . . .
. . . . . .
. . . . . .
ac−5 ac−5 ac−5 bc−5 bc−5 bc−5 cc−5 dc−5 . . .
 , (4.2)
where the . . . denotes possible multiplicities of the points in the toric diagram. The single
row QD entries must have SU(3)× SU(2)× U(1):
QD1×c =
(
x x x y y l m . . .
)
(4.3)
so that the total Q possesses the symmetry of the Fano B4.
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For the given G with no multiplicity, we are able to find a QF and QD obeying the
above pattern:
Q =
(
QF
QD
)
=
(
1 1 1 −1 −1 −1
0 0 0 1 1 −2
)
(4.4)
The T and K matrix for this choice of QF is:
T =

1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 1 0 0
−1 0 1 0 0 0
−1 1 0 0 0 0
 ; K =

v1 v2 v3 v4 v5
X
(1)
12 0 0 1 0 0
X
(2)
12 0 0 1 0 1
X
(3)
12 0 0 1 1 0
X
(1)
23 0 1 0 0 0
X
(2)
23 0 1 0 0 1
X
(3)
23 0 1 0 1 0
X
(1)
31 1 0 0 0 0
X
(2)
31 1 0 0 0 1
X
(3)
31 1 0 0 1 0

(4.5)
From the K-matrix, we know that the number of matter fields is 9. We can also reconstruct
toric superpotential W using the F -term constraints given by the K-matrix:
W = Tr
(
ijkX
(i)
12X
(j)
23 X
(k)
31
)
(4.6)
and draw the 3-node cyclic quiver where the matter fields X
(l)
ij ’s are bifundamental fields
from the node i to the node j which will determine the quiver charge matrix:
d =

X
(i)
12 X
(j)
23 X
(k)
31
a = 1 1 0 −1
a = 2 −1 1 0
a = 3 0 −1 1
 (4.7)
In order to determine the CS levels ka’s, we have to write the P = K.T matrix:
P =

p1 p2 p3 p4 p5 p6
X
(1)
12 1 0 0 1 0 0
X
(2)
12 0 1 0 1 0 0
X
(3)
12 0 0 1 1 0 0
X
(1)
23 1 0 0 0 1 0
X
(2)
23 0 1 0 0 1 0
X
(3)
23 0 0 1 0 1 0
X
(1)
31 1 0 0 0 0 1
X
(2)
31 0 1 0 0 0 1
X
(3)
31 0 0 1 0 0 1

, (4.8)
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where we have again indicated the matter fields which represent the row index and the
GLSM pα denoting the column index which will help to write these matter fields as products
of GLSM pα fields. Using the QD charge (4.4) and the P -matrix elements, we can obtain
the projected charge ∆ of the matter fields (2.6):
∆ =
(
X
(1,2,3)
12 X
(1,2,3)
23 X
(1,2,3)
31
1 1 −2
)
(4.9)
Substituting the projected charge and the d-matrix elements (4.7) in eqn.(2.3), we find
that the CS levels have to be
k1 = 1 , k2 = −2 , k3 = 1 . (4.10)
Thus, using inverse algorithm with a possible choice of Q matrix respecting the ansatz
on the QF , QD pattern, we have obtained the same 3-node quiver CS theory with W , CS
levels and ∆ charge [17] confirming that the inverse algorithm is agreeing with the forward
algorithm for the Fano B4. Now, we are in a position to extend this pattern approach
for other Bi Fano 3-folds and obtain the corresponding quiver CS theories. The Hilbert
series of the mesonic moduli space worked out in ref. [17] involves taking a simple pole
or irrational pole in each of the two integration variables to the boundary of the contour
by scaling the variables. Evaluating the contour in the scaled variables and excluding the
poles at the boundary gives the form (3.7) agreeing with the genus g = 28.
4.2 Fano B1 theory
The symmetry possessed by this B1 Fano is SU(3)× U(1)2. Using our ansatz, we need to
choose QF to have SU(3)× SU(2)× U(1) symmetry. This could not be achieved without
taking multiplicity of the points in the toric diagram. Hence, we start with the following
toric data:
G =

1 1 1 1 1 1 1
1 −1 0 0 0 0 0
0 1 −1 0 0 0 0
0 0 2 −1 1 1 0
 (4.11)
where we have taken multiplicity of an external point which is shown as repeated columns
5 and 6 in G. The last column represents the internal point in the toric diagram. The QF
matrix will have now 2 rows and can be taken, following ansatz, as:
QF =
(
1 1 1 −2 −2 −2 3
0 0 0 2 1 1 −4
)
(4.12)
We can take a possible choice for the single row QD imposing its entries so that the Q
matrix respect SU(3)× U(1)2 symmetry:
QD =
(
0, 0, 0, 1, 0, 1, −2
)
(4.13)
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With this QF , we can find T and hence the K matrix as:
T =

1 0 0 2 0 0 1
2 0 0 −1 0 2 0
2 0 0 −1 2 0 0
−1 0 1 0 0 0 0
−1 1 0 0 0 0 0
 ; K =

v1 v2 v3 v4 v5
X1 1 0 0 0 0
X2 1 0 0 0 1
X3 1 0 0 1 0
X4 1 0 2 0 0
X5 1 0 2 0 5
X6 1 0 2 5 0
X7 1 2 0 0 0
X8 1 2 0 0 5
X9 1 2 0 5 0

(4.14)
The K-matrix indicates that there are 9 matter fields Xi’s. From the K-matrix, we
do find the following relations: X9X4 = X6X7, X5X9 = X6X8, X5X7 = X4X8, and
we could construct a toric superpotential W respecting the above equation as W =
Tr [X1(X5X9 −X6X8)−X2(X5X7 −X4X8) +X3(X6X7 −X9X4)] .
However, the F-term constraint ∂W∂Xi for X4, X5, . . . X9 is not respected by the K-matrix.
Hence the only possible toric superpotential W will be a two-term superpotential with each
term involving all the 9 matter fields:
W = Tr [X2X5X8{X1X4X9X3X6X7 −X1X6X7X3X4X9}] . (4.15)
Clearly, abelian W = 0 and hence we cannot perform forward algorithm for this 3-node
quiver. Further NT −E+G = 2− 9 + 3 = −4 and hence cannot admit tiling presentation.
The W suggests the 3-node quiver must be as shown in figure 2. From the quiver
diagram, we can obtain the d-matrix elements:
dai =

Xi(i = 1, 2, 3) Xi(i = 4, 5, 6) Xi(i = 7, 8, 9)
a = 1 −1 1 0
a = 2 0 −1 1
a = 3 1 0 −1
 (4.16)
To determine the CS levels of the three nodes, we need the P = K.T matrix:
P =

1 0 0 2 0 0 1
0 1 0 2 0 0 1
0 0 1 2 0 0 1
5 0 0 0 4 0 1
0 5 0 0 4 0 1
0 0 5 0 4 0 1
5 0 0 0 0 4 1
0 5 0 0 0 4 1
0 0 5 0 0 4 1

(4.17)
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Figure 2. B1 Quiver Diagram
Using the above matrix elements and the QD (4.13), we obtain the following ∆ charge for
the nine-matter fields in the G = 3 node quiver:
∆ =
(
X1,2,3 X4,5,6 X7,8,9
0 −2 2
)
(4.18)
Substituting ∆ charge (4.18) and d charge (4.16) in eqn.(2.3), we find that the CS levels
of the three nodes must be
k1 = 2 , k2 = 0 , k3 = −2 . (4.19)
As a further consistent check with our charge assignment (4.12, 4.13), we will work out the
Hilbert series for the mesonic moduli space in the following subsection.
4.2.1 Hilbert series for B1 Theory
The total charge matrix for the B1 theory (4.12, 4.13) is
Q =
(
QF
QD
)
=

p1 p2 p3 p4 p5 p˜5 p6
1 1 1 −2 −2 −2 3
0 0 0 2 1 1 −4
0 0 0 1 0 1 −2
 (4.20)
Here, we have c = 7 pα fields. Let us denote the R-charge fugacity associated with the
first three pα’s (p1, p2, p3) respecting SU(3) symmetry as s1 and fugacities associated with
p4, p5 and p˜5 as s2, s3 and s4 respectively. Since the R-charge of the internal point p6 is
0, the corresponding fugacity is set to unity. Using the Q matrix, the Hilbert series of the
mesonic moduli space can be written as:
gmes(s1, s2, s3, s4;B1) =
∮
|z1|=1
(
dz1
2piiz1
)∮
|z2|=1
(
dz2
2piiz2
)∮
|b|=1
(
db
2piib
)
 1(1− s1z1)3 (1− s2 bz22z21 )(1− s3 z2z21 )(1− s4 z2bz21 )(1− z31b2z42 )

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Similar to the B4 integration, we have scaled each integration variable so that the simple
pole (preferably irrational pole) is on the boundary. Evaluating the integration with the
above scaling, we obtain
gmes(s1, s2, s3, s4;B1) = s3s4(
s51s
2
3s
2
4 − 1
)3 (
s52 − s3s4
) {1 + 3s1s22 + 6s21s42
+10s31s2s3s4 + 15s
4
1s
3
2s3s4 + 18s
5
1s
2
3s
2
4 + 19s
6
1s
2
2s
2
3s
2
4
+18s71s
4
2s
2
3s
2
4 + 15s
8
1s2s
3
3s
3
4 + 10s
9
1s
3
2s
3
3s
3
4 + 6s
10
1 s
4
3s
4
4
+3s111 s
2
2s
4
3s
4
4 + s
12
1 s
4
2s
4
3s
4
4
}
(4.21)
Let us define two new fugacities, t1 ≡ s1/21 s1/53 s1/54 and t2 ≡ s2s−1/53 s−1/54 . So, the Hilbert
series for mesonic moduli space will be given as:
gmes(t1, t2;B1) = 1(
1− t52
) (
1− t101
)3 {1 + 10t2t61 + 15t2t161 + 3t22t21 + 6t42t41
+15t32t
8
1 + 18t
10
1 + 19t
2
2t
12
1 + 18t
4
2t
14
1 + 10t
3
2t
18
1 + 6t
20
1
+3t22t
22
1 + t
4
2t
24
1
}
. (4.22)
This is the expected polynomial form for the Calabi-Yau 4-folds with U(1)2 symmetry.
This indirectly confirms that our charge assignment (4.20) is correct. We can determine
the R-charge assignment of the pα fields following the steps in ref. [17]. Suppose, R1 and
R2 be the R-charges corresponding to the fugacities t1 and t2. That is, t1 = e
−µR1 and
t2 = e
−µR2 , where µ is the chemical potential for the R-charge. So, the volume of B1 will
be given as:
V (B1) = lim
µ→0
µ4gmes(e−µR1 , e−µR2 ;B1) . (4.23)
However, R1 and R2 are not independent. Using the terms in the superpotential (4.15) to
have R-charge 2 implies that the product of all the matter fields which in terms of pα fields
from P matrix (4.17) (
9∏
i=1
Xi = p
11
1 p
11
2 p
11
3 p
6
4p
12
5 p
12
6 p
9
7) must have R-charge 2 which implies
that:
33R1 + 3R2 = 1 (4.24)
Putting it in volume of B1 (4.23) and minimising it, we get Rˆ1 = 0.02272 and Rˆ2 = 0.08333.
The R-charge of the pα field can be found by using:
R(pα) = lim
µ→0
1
µ
[
g(e−µRˆi ;Dα)
gmes(e−µRˆi ;B1)
− 1
]
(4.25)
where Dα is the divisor corresponding to the field pα and g(e
−µRˆi ;Dα) gives the associated
Hilbert series evaluated at the Rˆi which minimises V (B1). For the given charge assignment
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(4.20), the associated Hilbert series for the divisor D1 corresponding to the field p1 is
g(s1, s2, s3, s4;D1) =
∮
|z1|=1
(
dz1
2piiz1
)∮
|z2|=1
(
dz2
2piiz2
)∮
|b|=1
(
db
2piib
)
(4.26) (s1z1)−1(1− s1z1)3 (1− s2 bz22z21 )(1− s3 z2z21 )(1− s4 z2bz21 )(1− z31b2z42 )

The SU(3) symmetry of the B1 requires R(p1) = R(p2) = R(p3). Substituting the fugacities
s1, s2, s3, s4 and rewriting in terms of t1, t2, the R-charge of p1 field turns out to be R(p1) =
2Rˆ1. Similarly, computation of associated Hilbert series for divisor D4 corresponding to
field p4 gives R(p4) = Rˆ2. This method enables evaluation of R-charges of all the pα fields.
In fact, R(p5) = R(p6) = 0.
We know that B1 has two U(1) symmetries. We have found R-charge corresponding to
one U(1) symmetry. The q-charge assignment, corresponding to the other abelian mesonic
symmetry U(1), must be such that the superpotential terms (4.15) are uncharged. Further
the q-charge vector must be linearly independent to QF , QD (4.20). We have tabulated all
these results in Table 1.
SU(3) U(1)R U(1)B U(1)q fugacity
p1 (1,0) 0.04545 0 1 s1y1q
p2 (1-,1) 0.04545 0 1 s1y2q/y1
p3 (0,-1) 0.04545 0 1 s1q/y2
p4 (0,0) 0.08333 1 -1 s2b/q
p5 (0,0) 0 0 -3 1/q
3
p˜5 (0,0) 0 1 0 b
p6 (0,0) 0 -2 1 q/b
2
Table 1. Various charges of pα fields under global symmetry of B1 theory. In this table,
si are the fugacities of R-charges, y1 and y2 are weights of SU(3) symmetry, b and q are fugacities
of U(1)B and U(1)q symmetries respectively.
4.3 Fano B2 theory
The symmetry of B2 is also SU(3) × U(1)2. So, we expect, from anatz, QF charge
assignmnet to respect SU(3)× SU(2)× U(1). In order to achieve this symmetry, we take
multiplicity of two external points p4, p5 in the toric diagram giving the following toric
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data:
G =

p1 p2 p3 p4 p˜4 p5 p˜5 p6
1 1 1 1 1 1 1 1
1 −1 0 0 0 0 0 0
0 1 −1 0 0 0 0 0
0 0 1 −1 −1 1 1 0
 (4.27)
and we choose the following QF charge matrix with first three columns identical, fourth
and sixth column identical so that the non-abelian symmetry SU(3)× SU(2) is obeyed:
QF =
 1 1 1 −1 −1 −1 −2 20 0 0 1 −1 1 −1 0
0 0 0 0 1 0 1 −2
 (4.28)
A possible choice for the baryonic charge QD matrix with breaks the symmetry to SU(3)×
U(1)2 is:
QD =
(
0, 0, 0, 1, 1, 2, 0, −4
)
(4.29)
From QF charge assignment (4.28), we can find the T and hence the K matrix as:
T =

2 0 0 2 2 0 0 1
1 0 0 0 −1 0 1 0
0 0 0 −1 0 1 0 0
−1 0 1 0 0 0 0 0
−1 1 0 0 0 0 0 0
 ; K =

1 0 0 0 0
1 0 0 0 2
1 0 0 2 0
1 0 2 0 0
1 0 2 0 2
1 0 2 2 0
1 2 0 0 0
1 2 0 0 4
1 2 0 4 0
1 2 2 0 0
1 2 2 0 4
1 2 2 4 0

(4.30)
Here, the rows denote the matter fields Xi, (i = 1, 2, ..., 12). From the K matrix elements,
we can construct a toric superpotential W as
W = Tr (X1X4X8X12 −X1X4X9X11 −X2X5X7X12
+X2X5X9X10 +X3X6X7X11 −X3X6X8X10) . (4.31)
There are NT = 6 terms in W for the G = 3 node quiver with E = 12 matter fields.
Clearly, NT −E +G = −3 and cannot admit tiling presentation. However, the abelian W
is non-zero. So, it must be possible to do the forward algorithm after deducing the quiver
diagram with CS levels from the inverse algorithm. This suggests two possible quivers as
shown in figure 3.
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Figure 3. Two quivers (1) and (2) for the B2 toric data
To obtain the CS levels on the three nodes of the quiver, we need the matrix P = K.T :
P =

2 0 0 2 2 0 0 1
0 2 0 2 2 0 0 1
0 0 2 2 2 0 0 1
2 0 0 0 2 2 0 1
0 2 0 0 2 2 0 1
0 0 2 0 2 2 0 1
4 0 0 2 0 0 2 1
0 4 0 2 0 0 2 1
0 0 4 2 0 0 2 1
4 0 0 0 0 2 2 1
0 4 0 0 0 2 2 1
0 0 4 0 0 2 2 1

Using the QD charge (4.29) and the P -matrix elements, we can obtain the projected charge
∆ of the matter fields (2.6):
∆ =
(
X1,2,3 X4,5,6 X7,8,9 X10,11,12
0 2 −2 0
)
. (4.32)
Substituting (4.32) in the charge matrix d1 for the cyclic quiver in figure 3,
d1 =

Xi(i = 1, 2, 3) Xi(i = 4, 5, 6) Xi(i = 7, 8, 9) Xi(i = 10, 11, 12)
a = 1 0 1 0 −1
a = 2 0 0 −1 1
a = 3 0 −1 1 0
 , (4.33)
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or in the charge matrix d2 of the linear quiver in figure 3
d2 =

Xi(i = 1, 2, 3) Xi(i = 4, 5, 6) Xi(i = 7, 8, 9) Xi(i = 10, 11, 12)
a = 1 1 0 0 −1
a = 2 −1 1 −1 1
a = 3 0 −1 1 0
 , (4.34)
in eqn.(2.3), the CS levels of the 3-nodes are
k1 = 2, k2 = −2, k3 = 0 . (4.35)
Incidentally, the linear and the cyclic quivers can be considered as Seiberg duals which
correspond to the same B2 toric data 1. To further reinforce that the charge assignments
we have chosen is consistent, we will now do the Hilbert series of the mesonic moduli space
for B2 toric data.
4.3.1 Hilbert series evaluation for B2 Theory
The total charge matrix for the B2 theory is given by:
Q =
(
QF
QD
)
=

1 1 1 −1 −1 −1 −2 2
0 0 0 1 −1 1 −1 0
0 0 0 0 1 0 1 −2
0 0 0 1 1 2 0 −4
 (4.36)
The symmetry group for this theory is SU(3) × U(1)2. Here, we have 8 pα fields. Let
us denote the R-charge fugacity associated with the p1, p2 and p3 to be s1 and fugacities
associated with p4, p˜4, p5, p˜5 to be s2, s3, s4 and s5 respectively. Since the R-charge of the
internal perfect matching p6 is 0, the corresponding fugacity is set to unity. Using the Q
matrix, the Hilbert series of the mesonic moduli space can be written as:
gmes(s1, s2, s3, s4, s5;B2) =
∮
|z1|=1
(
dz1
2piiz1
)∮
|b|=1
(
db
2piib
)∮
|z3|=1
(
dz3
2piiz3
)
∮
|z2|=1
(
dz2
2piiz2
) 1(1− s1z1)3 (1− s2 bz2z1 )(1− s3 bz3z1z2)
1(
1− s4 b2z2z1
)(
1− s5 z3z21z2
)(
1− z21
b4z23
)
 (4.37)
The Hilbert series for mesonic moduli space with the change of variables as t1 = s1
√
s4s5
and t2 = s2s3/
√
s4s5 turns out to be
t2
3 t1
9 + 3 t1
8 + 6 t2 t1
7 + 10 t2
2 t1
6 + 12 t2
3 t1
5 + 12 t1
4 + 10 t2 t1
3 + 6 t2
2 t1
2 + 3 t2
3 t1 + 1
(t2 − 1) (t2 + 1) (t22 + 1) (t12 − 1)3 (t12 + 1)3
1We thank the referee for pointing this out.
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which is the form expected for toric CY 4-folds with two U(1) symmetries. Suppose, R1
and R2 be the R-charges corresponding to the fugacities t1 and t2. That is, t1 = e
−µR1
and t2 = e
−µR2 , where µ is the chemical potential for the R-charge. Similar to the volume
minimisation done for B1, we can find the value Rˆ1, Rˆ2 which minimises the volume V (B2).
For the given W (4.31), we find that 3R1 + R2 = 1/2. Substituting this relation in the
volume of B2 and minimising it, we get R1 = R2 = 1/8. Following the methods of B1, using
the eqn. (4.36), the R-charges of each pα can be similarly determined which we tabulate
in Table 2.
SU(3) U(1)R U(1)B U(1)q fugacity
p1 (1,0) 1/8 0 0 ty1
p2 (-1,1) 1/8 0 0 ty2/y1
p3 (0 ,-1) 1/8 0 0 t/y2
p4 (0,0) 0 1 0 b
p˜4 (0,0) 1/8 1 0 tb
p5 (0,0) 0 2 1 b
2q
p˜5 (0,0) 0 0 -1 1/q
p6 (0,0) 0 -4 0 1/b
4
Table 2. Various charges of perfect matchings under global symmetry of B2 theory. In
this table, t is the fugacity of R-charges, y1 and y2 are weights of SU(3) symmetry, b and q are
fugacities of U(1)B and U(1)q symmetries respectively.
4.3.2 Genus for B2 Theory
From the fugacities of the 8 perfect matchings listed in the Table 2, the Hilbert series of
the mesonic moduli space can be obtained by integrating over the fugacities z1, z2, z3 and
b associated with the three rows of QF and one row of QD respectively, which is given
below:
gmes(t, q, y1, y2;B2) =
∮
|z1|=1
(
dz1
2piiz1
)∮
|b|=1
(
db
2piib
)∮
|z3|=1
(
dz3
2piiz3
)
∮
|z2|=1
(
dz2
2piiz2
) 1(1− ty1z1)(1− ty2z1y1 )(1− tz1y2 )(1− bz2z1 )
1(
1− btz3z1z2
)(
1− b2qz2z1
)(
1− z3
qz21z2
)(
1− z21
b4z23
)
 (4.38)
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After doing the integration and setting the fugacities other than that of U(1)R charges as
1, we get the Hilbert series as:
gmes(t, y1 = 1, y2 = 1, q = 1;B2) = 1 + 31t
4 + 31t8 + t12
(1− t4)4 (4.39)
This result is in the form expected for the Calabi-Yau 4-folds (3.7) but it is not clear why
it is not giving the genus g = 29 [17].
4.4 Fano B3 theory
The symmetry of B3 is SU(2)2 × U(1)2. We take multiplicity of internal point p5 as two
in the toric diagram giving the following toric data:
G =

p1 p2 p3 p4 p5 p˜5 p6
1 1 1 1 1 1 1
1 −1 0 0 0 0 0
0 0 1 −1 0 0 0
0 1 0 −1 −1 −1 0
 (4.40)
Following ansatz, we choose the QF charge matrix with two rows respecting non-abelian
SU(2)3 symmetry:
QF =
(
1 1 3 3 −1 −1 −6
1 1 1 1 0 0 −4
)
(4.41)
A possible choice for the baryonic charge QD matrix which breaks the symmetry to
SU(2)2 × U(1)2 is
QD =
(
0, 0, 0, 0, 1, −1, 0
)
(4.42)
From QF charge assignment (4.41), we can find the T and hence the K matrix as:
T =

3 0 1 0 0 0 1
−1 0 1 0 0 2 0
−1 0 1 0 2 0 0
0 0 −1 1 0 0 0
−1 1 0 0 0 0 0
 ; K =

1 0 0 0 0
1 0 0 0 3
1 0 0 1 0
1 0 0 1 3
1 0 3 0 0
1 0 3 4 0
1 3 0 0 0
1 3 0 4 0

(4.43)
Here, the rows denote the matter fields Xi, (i = 1, 2, ..., 8). From the K matrix elements,
we can construct a toric superpotential W as
W = (X1X4 −X2X3)(X5X8 −X6X7) (4.44)
There are NT = 4 terms in W for the G = 3 node quiver with E = 8 matter fields.
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Figure 4. Quiver Diagram for Fano B3
The quiver diagram can be constructed as shown in figure 4. Clearly, NT − E + G = −1
and cannot admit tiling presentation. However, the abelian W is non-zero. So, it must
be possible to do the forward algorithm after deducing the quiver diagram with CS levels
from the inverse algorithm.
To obtain the CS levels on the three nodes of the quiver, we need the matrix P = K.T :
P =

3 0 1 0 0 0 1
0 3 1 0 0 0 1
3 0 0 1 0 0 1
0 3 0 1 0 0 1
0 0 4 0 6 0 1
0 0 0 4 6 0 1
0 0 4 0 0 6 1
0 0 0 4 0 6 1

Using the QD charge (4.42) and the P -matrix elements, we can obtain the projected charge
∆ of the matter fields and find the possible quiver as shown in figure 4 whose charge matrix
d is given below:
d =

Xi(i = 1, 2) Xi(i = 3, 4) Xi(i = 5, 6) Xi(i = 7, 8)
a = 1 0 1 0 −1
a = 2 0 −1 1 0
a = 3 0 0 −1 1
 , (4.45)
The CS levels of the 3-nodes are
k1 = 6, k2 = −6, k3 = 0 . (4.46)
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SU(2)1 SU(2)2 U(1)R U(1)B U(1)q fugacity
p1 1 0 0.164 0 1 s1x1q
p2 -1 0 0.164 0 1 s1q/x1
p3 0 1 0.782 0 -3 s2x2/q
3
p4 0 -1 0.782 0 -3 s2/(x2q
3)
p5 0 0 0.039 1 0 s3b
p˜5 0 0 0 -1 4 s4q
4/b
p6 0 0 0 0 0 1
Table 3. Various charges of perfect matchings under global symmetry of B3 theory. In
this table, si is the fugacity of R-charges, x1 and x2 are weights of two SU(2) symmetries, b and q
are fugacities of U(1)B and U(1)q symmetries respectively.
4.4.1 Hilbert series evaluation for B3 Theory
The total charge matrix for the B3 theory is given by:
Q =
 1 1 3 3 −1 −1 −61 1 1 1 0 0 −4
0 0 0 0 1 −1 0
 (4.47)
The symmetry group for this theory is SU(2)2 × U(1)2. Here, we have 7 pα fields. Let
us denote the R-charge fugacity associated with the p1, p2 be s1, with p3, p4 be s2 and
with p5, p˜5 to be s3 and s4 respectively. Since the R-charge of the internal point p6 is 0,
the corresponding fugacity is set to unity. Using the Q matrix, the Hilbert series of the
mesonic moduli space can be written as:
gmes(s1, s2, s3, s4;B3) =
∮
|z1|=1
(
dz1
2piiz1
)∮
|b|=1
(
db
2piib
)∮
|z2|=1
(
dz2
2piiz2
)
 1(1− s1z1z2)2 (1− s2z31z2)2 (1− s3 bz1)
1(
1− s4 1bz1
)(
1− 1
z61z
4
2
)
 (4.48)
The Hilbert series for mesonic moduli space with the change of variables as t1 =
(
s1s
1/3
2
)
and t2 =
(
s
4/3
2 s3s4
)
turns out to be
gmes(t1, t2;B3) = 1(
1− t32
)2 (
1− t31
)3 {1 + 5t31 + 9t21t2 − 3t51t2 + 8t1t22 + t41t22 − 3t71t22
+3t32 − t31t32 − 8t61t32 + 3t21t42 − 9t51t42 − 5t41t52 − t71t52
}
. (4.49)
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which is the form expected for toric CY 4-folds with two U(1) symmetries. Suppose, R1
and R2 be the R-charges corresponding to the fugacities t1 and t2. That is, t1 = e
−µR1
and t2 = e
−µR2 , where µ is the chemical potential for the R-charge. Similar to the volume
minimisation done for earlier cases, we can find the value Rˆ1, Rˆ2 which minimises the
volume V (B3). For the given W (4.44), we find that R1 + R2 = 1/3. Substituting this
relation in the volume of B3 and minimising it, we get R1 = 124
(−3 +√57) = 0.189 and
R2 =
1
24
(
11−√57) = 0.144. The R-charges of each pα can be determined which we
tabulate in Table 3.
5 Summary and open problems
In this paper, we have systematized inverse algorithm by understanding the pattern of
the charge assignments QF , QD obtained for 14 Fano 3-folds from forward/tiling algorithm
[17]. Particularly, we used the second Betti number, symmetry of the CY 4-folds to fix
the number of rows of QD charge matrix and the entries of both QF and QD matrix. Our
ansatz in section 4.1, which states that the rank of the non-abelian symmetry of QF is one
higher than that of QD, indicates the multiplicity of which points in the toric data could be
taken. Using the ansatz, we took a possible choice of QF , QD and performed the sequence
of steps to obtain the quiver diagram, superpotential and the Chern-Simons levels.
The quivers for Fano P3,B1,B2 and B3 as shown in figures 1–4 with the appropriate W
constructed from K-matrix showed that they cannot admit tiling presentation. It appears
that forward algorithm from the quiver data for B2 and B3 can be done to confirm the toric
data.
Our charge assignments QF , QD for the four Fano 3-folds gives the expected form for
the Hilbert series of the mesonic moduli space. So, we believe that our ansatz must be
correct. Using the volume minimisation, we have tabulated the R-charge of the fields pα’s.
We obtained the correct genus g = 33 for P3 Fano. However, it is not clear why the genus
computation for B2 is giving g = 33 instead of g = 29 [17].
It will be interesting to do the higgsing approach [18] for CS quivers which does not
admit tiling presentation. We hope to report on the higgsing procedure in a future pub-
lication. In ref. [21], the tiling rules for SO/Sp quivers corresponding to the orientifolds
of the CY 3-folds were proposed. It is a challenging problem to generalise the tiling for
orientifolds of the CY 4-folds [22] corresponding to SO/Sp CS quivers.
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